We study the qq potential in strongly coupled non-conformal field theories with a nontrivial renormalization group flow via holography. We focus on the properties of this potential at an inter-quark separation L large compared to the characteristic scale of the field theory. These are determined by the leading order IR physics plus a series of corrections, sensitive to the properties of the RG-flow. To determine those corrections, we propose a general method applying holographic Wilsonian renormalization to a dual string. We apply this method to examine in detail two sets of examples, 3 + 1-dimensional theories with an RG flow from an IR fixed point driven by an irrelevant deformation; and theories that are confining in the IR, in particular, the Witten QCD and Klebanov-Strassler models. In both cases, we find corrections with a universal dependence on the inter-quark separation. When there is an IR fixed point, that correction decays as a power ∼ 1/L 4 . We explain that dependence in terms of a double-trace deformation in a one-dimensional defect theory. For a confining theory, the decay is exponential ∼ e −M L , with M a scale of the order of the glueball mass. We interpret this correction using an effective flux tube description as produced by a background internal mode excitation induced by sources localized at the endpoints of the flux tube. We discuss how these results could be confronted with lattice QCD data to test whether the description of confinement via the gauge/gravity is qualitatively correct.
Introduction
The gauge/gravity correspondence [1] [2] [3] , or holographic duality, has been used extensively as a phenomenological tool to describe properties of strongly coupled systems in QCD and condensed matter (see [4] [5] [6] [7] [8] [9] for reviews on the topic). In most cases the gravity dual corresponds to a theory which is microscopically different from the actual system of interest, but whose properties at low energy/large distance compared to some characteristic scale can be qualitatively similar. Since many relevant observables are mostly sensitive to the long distance physics, dissimilarities at high energy/small distances are frequently inconsequential. In the holographic dual description this means that only some part of the geometry is of relevance for those observables. More precisely, while the geometry has an asymptotic boundary that is identified with the ultraviolet (UV) of the field theory, infrared (IR) dynamics are controlled by the deep interior of the geometry and long distance observables are mostly sensitive to this region. The problem of restricting the holographic description to the low energy effective theory has been approached multiple times in different contexts, e.g. [10] [11] [12] [13] [14] [15] [16] [17] [18] .
In the holographic "Wilsonian" renormalization group (RG) flow approach of [16, 17] the effective IR description is obtained by introducing a cutoff in the holographic radial coordinate and "integrating out" degrees of freedom between the asymptotic boundary and the cutoff. This results in a description consisting of the dual theory below the cutoff plus a boundary action that determines the boundary conditions of the fields at the cutoff. The RG flow equations are obtained from the condition that the full on-shell action has to be independent of the cutoff.
The boundary action is a functional of the values of the field at the cutoff, and, by mapping these values to operators in the field theory dual, it is interpreted as introducing multitrace deformations in the effective theory at the cutoff scale. The RG flow equations then become equations for the multi-trace couplings.
A particularly significant set of observables in gauge theories for which an IR effective description would be useful are Wilson loops. Their holographic dual description is a Nambu-Goto string with endpoints attached to the asymptotic boundary of the dual geometry [19] . Even though this is a fairly simple setup, its holographic Wilsonian RG flow has not been worked out. 1 We will partially fill in the blank by studying the expectation value of a Wilson loop corresponding to two static sources separated a fixed distance, much larger than the characteristic scale of the theory. This is equivalent to computing the quark-antiquark potential. In this configuration, most of the profile of the dual string remains in the deep interior of the geometry and is mostly sensitive to IR physics. This observation will allow us to use the inter-quark distance L as an expansion parameter to approximate the string profile and its energy. Applying the holographic Wilsonian RG flow approach, we will derive the effective IR behavior of the potential and determine its most relevant long distance corrections.
We will use this method to analyze two different types of holographic constructions with well understood IR geometries. The first type is dual to a strongly coupled field theory that possesses an IR fixed point with a flow triggered by an irrelevant scalar operator; the second type is dual to a confining theory. In the first case, the characteristic scale appears in the coefficient of the irrelevant operator. At energies much lower than this scale, the theory is very close to being conformal, with only small corrections induced by the flow. We will introduce a cutoff much below this scale, in such a way that the dual geometry is close to an AdS dual to the IR fixed point. In the case of a confining theory, the cutoff will be introduced at a scale much larger than the mass gap of the theory. For the confining theory we will use duals with explicit string theory constructions, the Witten QCD (WQCD) [22] and Klebanov-Strassler (KS) [23] models.
For the case of an IR fixed point there are no ten-dimensional geometries readily available, although there are several examples in five-dimensional supergravity [24] [25] [26] [27] [28] [29] . In both those two families of models, the effective field theory approach we develop will allow us to determine generic properties of the potential, independent of the details of the UV behavior of the dual field theories.
For a flow with an IR fixed point, we observe two types of corrections. One is produced by the non-trivial RG flow, and depends on the dimension of the leading irrelevant operator that drives the flow away from the long distance conformal field theory (CFT). The other correction has a universal form, in the sense that it is independent of the dimensions of the leading irrelevant operator. We propose an interpretation in terms of an effective IR defect theory localized on the Wilson loop. In addition to the bulk RG flow, there is an RG flow on the defect triggered by a double trace deformation, that we identify from the boundary conditions of the string at the cutoff. The L-dependence of both kinds of corrections depends solely on the properties of the IR field theory, and all the information about its UV structure is restricted to the value of a single coefficient, which determines the universal contribution.
1 In [20] it was suggested that the holographic RG flow will be given by a mean-curvature RG flow of the type described in [21] . Although we do not discard that a map to a description of this form might exist, our results seem to correspond to a different type of flow.
For a flow in a confining theory we observe exponentially suppressed corrections to the potential beyond the leading linear dependence on the quark-antiquark separation. The exponent is proportional to the mass scale of glueballs, and it coincides with the mass of some internal excitations of a flux tube in the dual field theory. We interpret this result in terms of the effective IR theory as a flux tube with sources at the endpoints for the internal modes, that have a non-vanishing profile in the ground state of the quark-antiquark pair. Since these excitations correspond to fluctuations of the string along the holographic direction, these type of correction are a generic property of confinement as described by the gauge/gravity duality.
The structure of the paper is as follows: we start reviewing some basic facts about Wilson loops and their calculation using gauge/gravity duality in § 2. In § 3 we present general formulas for the holographic RG flow of a Wilson loop. The case with an IR fixed point is studied in § 4
and confining theories in § 5. A summary of the results and their interpretation from the point of view of the field theory dual is gathered in § 6.
Wilson loops in holography
The study of Wilson loops in holographic duals was initiated in [19] . In N = 4 super Yang-Mills (SYM), a locally BPS Wilson loop in the fundamental representation is given by the path-ordered exponential
Where x µ (τ ) parametrizes the closed curve C on which the loop is defined, A µ is the gauge field and Φ I , I = 1, · · · , 6 are the adjoint scalar fields of the N = 4 SYM theory. In the large-N limit the expectation value of the Wilson loop can be determined at strong 't Hooft coupling λ Y M 1 by the classical Nambu-Goto action of an open string whose boundary is along the curve C at the asymptotic boundary of the holographic dual geometry. The position of the string endpoints in the internal space is determined by identifying the functions θ I (τ ) with coordinates on the S 5 of the dual AdS 5 × S 5 geometry.
The identification of BPS loops with a dual string is based on the weakly coupled D-brane construction. The N = 4 SYM theory is the low energy description of a stack of coincident N D3 branes. When one of the branes is separated from the rest, a string extended between the separated brane and the rest acts as a source in the fundamental representation. When the isolated brane is taken to infinity, the string becomes an infinitely heavy source and therefore it is equivalent to the insertion of a Wilson loop. In the near-horizon limit that replaces D3
branes by geometry, the isolated brane can be though as being at the asymptotic boundary, and the string extends from it to the interior. A similar argument can be used for any low energy effective theory on the worldvolume of a stack of branes, so the identification of the string with a
Wilson loop extends naturally to more general gauge/gravity duals obtained from a near-horizon limit.
We will see that the holographic Wilsonian RG flow changes the boundary conditions of the string at the cutoff. This could alter the nature of the Wilson loop, for instance it was proposed in [30] 
2) with ζ = 1 corresponding to the BPS loop and ζ = 0 to the ordinary Wilson loop. In [31] it was shown that there can be an RG flow between the ordinary and BPS Wilson loops, both at weak and strong coupling. For Wilson loops with intermediate values of ζ one may expect that the dual description is a string with mixed boundary conditions. The case at hand differs from the ζ-deformed loops in that the boundary conditions that are modified are not along the S 5 , but along the field theory directions. There are however some similarities, in that we can identify a deformation of the BPS loop and an associated RG flow.
Calculation of the quark-antiquark potential in an RG flow
The holographic dual to a conformal field theory is an AdS 5 × M 5 geometry, where M 5 is a compact space. In Gaussian coordinates
where x µ = (t, x, y, z) are coordinates along the field theory directions and η µν is the flat Minkowski metric. The coordinates along the compact space will be denoted by θ
The radial coordinate r characterizes the energy/distance scale in the field theory, with r → ∞ the asymptotic boundary associated to the UV. R is the radius of AdS space.
The potential Vbetween a static quark-antiquark pair separated a distance L can be computed from the expectation value of a time-like Wilson loop along a rectangular contour of sides of length L along space and β along time. When β → ∞,
In the large-N limit, and at strong 't Hooft coupling, the potential is determined by the NambuGoto action of a string evaluated on-shell
The Nambu-Goto action is 6) where σ a are the world-sheet coordinates, h is the determinant of the induced metric h ab and X M (τ, σ) are the embedding functions that describe the string profile in the target space.
The relevant configuration is a solution to the classical equations of motion with appropriate boundary conditions. We can choose the following static gauge
where θ A 0 are constant. The boundary conditions are
where σ * is a particular value of the world-sheet coordinate σ, whose value depends on L, via the last condition. This solution actually describes a branch of the solution extending from the asymptotic boundary to a point in the interior, there is another symmetric branch returning to the boundary at the point x = L.
In general the action evaluated on this class of solutions is divergent, one can regularize it by introducing a cutoff at σ = r (Λ) and adding a counter-term at the boundary of the string
For an asymptotically AdS space like (2.3), the value of the coefficient of the counter-term is
The holographic dual of a generic RG flow can be a relatively complicated geometry with various warping factors depending on the radial coordinate and coordinates along the internal
In this work, we will concentrate in simpler examples, in which the ten-dimensional metric can be put in the domain wall form
Where, as the asymptotic boundary at r → ∞ is approached, A(r) → ∞ and f (r) → 1.
In this case (2.7) is a consistent ansatz and the induced metric is
The action becomes
Again, one needs to add a counter-term of the form given in (2.9) to render it finite.
Since it depends only on the derivative of the embedding function x , the conjugate momentum is constant
This leads to the equation 15) or, solving for x , we obtain the equation of motion for the embedding in the text.
If we picture the string as hanging from the asymptotic boundary, as in Fig. 1 , the conditions (2.8) fix the relation between the lowest point of the string profile σ * , the separation L of the pair and p
Note that under a change of the boundary condition δx(∞) = δL, the solution changes x → x+δx and the change of the Nambu-Goto action is proportional to the conjugate momentum
The change of the potential is
Therefore, p should be identified with the force that the (anti)quark feels
3 Holographic RG flow of the Wilson loop
The analysis of the previous section demanded to have full knowledge of the dual geometry all the way to the boundary to determine the classical string profile that controls the potential.
However, for large enough separation it is expected that it is enough to know the geometry below certain cutoff r (µ) . To materialize this expectation, we note that for sufficiently large values of L, the profile of the string is typically mostly below some finite value of the radial cutoff r (µ) . In the dual geometry the region between the boundary and the cutoff corresponds to length scales much smaller than the separation L. At these scales, the quark and antiquark do not feel much the presence of each other, and the profile of the string around each of the endpoint positions is close to that of a single isolated quark, remaining close to the endpoint position in the parallel directions to the boundary and extending almost completely straight into the interior. The straight shape of the profile persists from the cutoff to the interior, until, far from the cutoff, the profile changes and extends in the directions parallel to the boundary in such a way that the two endpoints are joined (see Figure 1 ). This characteristic behavior implies that the information about the UV properties of the theory is confined to the position of the string profile at the cutoff, which is close to the position of the endpoints at the boundary and introduces a length scale much smaller than the separation between the endpoints. The ratio between these two length scales works as a perturbative parameter that we will use to find the first corrections to the leading order dependence of the potential on the quark-antiquark separation.
Based on the considerations above, we separate the contribution of the straight segments from the rest by introducing a cutoff at σ = r (µ) such that
In the region closer to the asymptotic boundary σ > r (µ) , the string does not wander far from its initial position 0 < x < x (µ) , and x is a small quantity, as shown in Fig. 1 . Taking advantage of this fact, we will split the string action in two parts, an upper part where we integrate for values σ > r (µ) and the lower part where we integrate below the cutoff.
Expanding the upper action to quadratic order one finds
The solution to the equations of motion is
Comparing with the exact solution (2.16), this is a valid approximation as long as 25) the displacement at the cutoff is x (µ) = a (µ) p. The profile of the string is then
The on-shell action (regularized by an UV cutoff) is
The string action, including counterterms, is thus
where
We can then replace our original string action by the NG action below the cutoff plus a boundary term that appears as a double-trace deformation, the x 2 µ term appearing in (3.28), its effect is to modify the boundary conditions at the cutoff. In order to see this, consider a string with slightly perturbed profile, but keeping the endpoints at the boundary fixed x → x + δx, δx(r (Λ) ) = 0.
The variation of the on-shell string action under this perturbation has a bulk contribution and a contribution localized at the cutoff
Integrating the bulk term by parts and using the equations of motion (2.15), one is left with only cutoff contributions
Since the on-shell action should be stationary for small perturbations of the profile that do not change the boundary conditions, the variation above should vanish for any δx (µ) . This condition fixes the conjugate momentum for the solution below the cutoff to the right value
Therefore, the string dual to the Wilson loop that determines the quark-antiquark potential can be replaced by a string with endpoints at a cutoff satisfying mixed boundary conditions.
IR description of the Wilson loop
The analysis above has made precise the expectation that the long distance potential only depends on the IR physics. By replacing the full string action from the cut-off to the boundary by the quadratic approximation, (3.28), we have managed to express the problem in terms of quantities evaluated at the cut-off. All the information about the UV part of the geometry, and its manifestation in the string embedding, is condensed into the (cut-off dependent) values of the parameters M (µ) and a (µ) . Starting from this action, in this section we will show how to use the independence of physical quantities on the cutoff to constraint the long distance behavior of the heavy quark potential.
Suppose we are given a geometry that will be used as a holographic dual description of the IR physics of some strongly coupled theory. We introduce a cutoff in this geometry and consider the string action with the additional boundary terms we have derived
Physical quantities computed using the holographic dual should be independent of the cutoff we have introduced. However, the string action has an explicit dependence on the cutoff, that is apparent from the definition of the coefficients of the cutoff terms a (µ) (3.25) and M (µ) (3.29).
If we regard r (µ) as corresponding to an RG scale similar to the ones used in perturbative renormalization schemes, the dependence on the cutoff can be encoded in the RG flow equations
Integrating these equations one would obtain M (µ) and a (µ) up to indeterminate integration constants. It should be noted that the RG equations involve terms that are evaluated at the cutoff position, so they only depend on the local geometry close to the cutoff. In the language of the field theory dual, the RG equations only depend on the physics of the scale close to the cutoff. All the information about UV physics is hidden in the integration constants. This fits with the usual Wilsonian paradigm of renormalisation, the terms that can appear in the effective action are determined by the IR degrees of freedom, but with coefficients that have to be fixed by experiments or by matching with UV physics.
Using the equations (3.34) it is easy to show that physical quantities are independent of the cutoff. The equations of motion for the embedding below the cutoff are given by (2.16), and we have to impose the conditions
The force, which is proportional to p, is independent of the cutoff by construction. The separation between the quark-antiquark pair is invariant under changes of the cutoff at leading order
Then, the dependence of the force (2.20) with the length is also invariant to leading order. In principle one could systematically add higher order corrections by including further multi-trace terms in the boundary action. As we already mentioned, the value of a (µ) cannot be determined by the IR theory, rather it would have to be fixed by matching with the UV theory if this one is known, or by measuring the force at a separation L and doing a fit.
Theory with an IR fixed point
In this section we will use the formalism developed in the previous section to study a particularly simple example, that of a strongly coupled field theory with an IR fixed point. Because it is a fixed point, the long distance dynamics are controlled by a CFT. As a consequence of conformal symmetry, the dual geometry must approach AdS space in the interior, meaning it takes the form in (2.3) as r → −∞. We will assume that the flow away from the fixed point is driven an irrelevant scalar operator of conformal dimension ∆ > d. That is, to the action of the IR CFT we add a coupling to the irrelevant operator
In the dual theory, this is realized by turning on a scalar field φ of mass m 2 R 2 = ∆(∆ − d). The scalar field back-reacts on the geometry and takes it away from AdS to a different geometry in the asymptotic region, which in principle could be another AdS space of different radius R U V > R, corresponding to a UV fixed point.
In order to simplify the discussion we will use the 'fake' supergravity formalism [32] [33] [34] [35] [36] , such that the equations of motion for the metric and the scalar reduce to a system of first order equations. It should be noted that for any given potential in supergravity, a superpotential describing the solution (fake or not) always exists locally, so the analysis presented here for the leading corrections is quite general.
The metric has a slightly simpler form than the general case
Note, in particular, that the function f (r) = 1, as defined in (2.11). The equations of motion for the metric and scalar are
There is a critical point at a value φ = φ IR such that
This corresponds to the IR AdS solution where the scalar is constant
Close to the critical point, the fake superpotential can be approximated by
The solution to leading order away from conformality is
where α is of order one and proportional to the irrelevant coupling,α, and r (M ) determines the region where the geometry deviates significantly from AdS. The type of expansion we are doing is valid for r r (M ) . In particular, the cutoff should be in the near-AdS region r (µ) r (M ) .
From the first condition in (3.35), we obtain
We can solve this condition for σ * expanding to leading order in α
Let us split the integral in a region close to σ * and the rest
The first integral is approximated expanding around σ * . Expanding the result in α, one finds
In the second integral we expand first in α
The integrals can be done analytically, with a result that can be expressed in terms of hypergeometric functions, but that is not very illuminating. Expanding for r (µ) σ * (0), and ∆σ → 0,
(4.53)
The ∼ 1/ √ ∆σ terms cancel out when we sum over all contributions, so the limit ∆σ → 0 is finite, giving 
The quark-antiquark separation is
The coefficients are
Only the coefficients a 0 andã 0 have an explicit dependence on the cutoff. However, when taking into account the scale dependence of the double trace coefficient a (µ) , this dependence vanishes.
Expanding the RG-flow equations for a (µ) (3.34) to O(α 2 ), one can show that 59) where the approximate sign indicates that we have only used an approximate RG evolution to leading order in α.
The force between the quark and antiquark as a function of the separation can be found solving for p in (4.56) and (4.57). When L → ∞, the leading corrections are
or 
Defect theory interpretation
The universal contribution identified above is intriguing since, a priori, it would have been hard to guess from the IR theory alone. In this subsection we will clarify its origin by analyzing the possible contributions to the quark-antiquark potential when considering the Wilson line as a defect and studying its fluctuations.
Let us assume that the RG flow occurs between two fixed points. In the asymptotic region r r (M ) the metric can be approximated by AdS
The profile of the string is almost straight, so the induced metric on the string is also approxi-
The string action for fluctuations δx(τ, σ) around the straight profile can be expanded to quadratic order
Using the field redefinition
we can rewrite this as the action for a scalar field in AdS 2
where the mass is
Following the usual AdS/CFT dictionary, the AdS 2 geometry on the string is dual to a 0 + 1 dimensional CFT, and the field ϕ is dual to an operator O ϕ of dimension ∆ such that m 2 R For instance, for a BPS loop in N = 4 SYM,
where F µν is the field strength of the gauge fields. Generalizing the expression above, the ∆ = 2 operator can be identified as the electric field strength produced in the x direction O ϕ =Ê ⊥ x . Since we are considering a theory with an IR fixed point, although the geometry deviates from AdS at intermediate values of the radial coordinate, deep in the interior of the space, r r (M ) , the geometry again approaches AdS with radius R. Furthermore, in the long distance limit we have considered the separation between the endpoints is so large that the string profile is approximately straight close to the cutoff r (µ) r (M ) . As a consequence, the AdS 2 /CF T 1 map for the string is expected work in this region and the small string fluctuations close to that cut-off are governed by the same action (4.66), after replacing R U V → R. Therefore, from the point of view of the IR CFT, those fluctuation posses the same scaling dimension and the same dual operators as in the UV CFT.
The boundary action (3.28) corresponds to a double-trace deformation ∼ O 2 ϕ of the CFT that triggers a flow to the IR (see e.g. [17] ). As usual, the flow occurs between the alternative quantization in the UV, for which the double trace deformation is relevant ∆ O 2 = −2, to the normal quantization in the IR, where the double-trace deformation is irrelevant ∆ O 2 = 4. As a consequence, the double trace deformation will give a contribution to the potential whose dependence on L will be fixed by conformal invariance
This will give a contribution to the force
, whose dependence on L agrees with the universal term in (4.60) and (4.61).
Confining theories
The second application of our effective description of Wilson loops in the IR is to study the long distance quark-antiquark potential in confining theories. One of the defining characteristics of that type of theories is that Wilson loops follow an area law. 2 This implies that the heavy quark potential grows linearly at sufficiently large distances V= σ s L, with σ s the string tension. Going beyond this leading behavior, in this second application we will study the leading correction to this potential at long distance in holographic confining theories, which will be sensitive to characteristic features of the holographic description of confinement.
In the holographic dual description of confinement the string dual to the Wilson loop reaches a region of space where its tension remains fixed as the separation between the endpoints at the asymptotic boundary is increased. Although there are several different realizations of confining theories in holography, 3 in this work we will focus on two model examples. The first example is the WQCD model [22] , consisting of the gravity dual of a stack of D4 branes wrapped around a compact direction with supersymmetry-breaking boundary conditions. At weak coupling the theory is expected to flow in the IR to pure Yang-Mills. At strong coupling there is really no 2 If the theory contains degrees of freedom in the fundamental color representation this is only true in the large-N limit. 3 For the general conditions on the metric under which the Wilson loop will show area law in a given holographic model see [37] . In both examples, the area law behavior of the Wilson loop can be traced to the properties of the dual geometry in the interior. Rather than having an infinite throat, as for an AdS space, or a horizon, the geometry ends smoothly at a fixed position in the radial direction when a cycle in the internal space of the geometry collapses to zero size. For the WQCD model, the cycle is the circle corresponding to the fifth direction on the dual D4 branes, while for the KS model, it is a two-cycle in the internal geometry transverse to the field theory directions. For strings with a small separation between its endpoints, the string is hanging far from the point where the space ends. Increasing the separation will make the string go deeper in the geometry, until it reaches the end of space. Since it cannot penetrate further, a larger separation of the endpoints will result in having an increasing stretch of the string lying at the bottom of space. As the tension of the string is finite in this region, the action of the string increases linearly with the separation and produces the area law. As we will see, corrections to the area law emerge as a consequence of the piece of the dual string extended along the radial direction throughout all the geometry.
WQCD model
In the WQCD model the string-frame metric is usually given as
The map to field theory quantities is M is the position at which the geometry ends. Having expressed the metric in this way, we can find the relation between the force, p, and the quark-antiquark separation L, using the relations in (3.35) From the first condition in (3.35) , the relation between the force and the minimum string position, σ * , is
the string endpoints, σ * is close to the end of the geometry σ * = r (M ) + δr,
From (3.35), the quark-antiquark separation is
The integral can be made analytically. Expanding for r (µ) r (M ) , σ * and δr/r (M ) 1 one finds
The quark-antiquark separation in terms of p is
where the coefficients are
(5.79) As in our first application, only one of these coefficients. a 0 , depend explicitly on the cut-off.
This reveals that its value is sensitive to UV physics, unlike the other two coefficients, that depend on quantities defined at the bottom of the geometry. However, taking into account the RG-flow equation a (µ) (3.34), the coefficient a 0 is, as expected, independent of the cut-off.
Indeed, expanding in r (M ) /r (µ) 1, one can show that
The force between the quark and antiquark as a function of the separation can be found solving for p in (5.78). When L → ∞, the leading correction is
Then, the force is
where the string tension and the coefficient of the exponential term are
The slope of the exponential decay M is determined by the IR theory, but the amplitude q M depends on a 0 , which contains information about the RG flow above the cutoff. It should be noted that exponential corrections to the leading order behavior were already found e.g. [37, 40] , but the connection with the scale of glueball masses was not made. The appearance of these corrections, that are non-perturbative in the 1/L expansion, are not just a feature of this particular model. As we will see they also appear in the KS model, which we analyze next.
KS model
In the KS model the metric is slightly more complicated. Separating the field theory directions from the internal ones it takes the form
The metric along the internal directions is the deformed conifold. It can be given in terms of the following basis of one-forms for the angular directions Then, the internal metric is
(5.87) ε 2/3 has dimensions of length and sets the scale of the conifold deformation. The warp factors are
where α = 2(g s N c α ) 2 ε −8/3 , with g s is the string coupling constant. The asymptotic boundary is at τ → ∞, although in this case the metric deviates from AdS by logarithmic corrections.
When τ → 0, a two-cycle in the internal metric collapses to zero size and the space terminates.
The expansion of the warp factors in that limit is The map to field theory quantities is
Where λ Y M is the 't Hooft coupling and M sets the scale of glueball masses [23, 41] .
Identifying r = ε 2/3 τ as the domain wall coordinate, the warp factors are
From the first condition in (3.35) , we obtain
For a large enough separation between the string endpoints, σ * should be close to the end of the geometry σ * = δr ε 2/3 ,
For values of σ close to σ * ,
For σ * = 0 the integral has a logarithmic divergence. In order to expand for small values of σ * = δr, we subtract the divergent contribution and define
Expanding for small δr we find, to leading order
(5.98)
(5.100)
Only the coefficient a 0 has a dependence on the cutoff. Expanding the RG-flow equations for
The force between the quark and antiquark as a function of the separation can be found solving for p in (5.99). When L → ∞, the leading corrections are
We define the glueball mass scale M as
Then, the force takes the same form as in (5.82), where the string tension and the coefficient of the exponential term are In the WQCD model, we will use the following change of coordinates
For ρ → 0, if one fixes
the metric is, to leading order,
The periodicity of θ is
We now change to Cartesian coordinates
such that the metric is
Similarly, in the KS model we expand the metric for small values of τ and pick the directions transverse to the three-cycle
The metric takes the form
We see explicitly that the two-cycle collapses smoothly to zero size at τ = 0. We now introduce Cartesian coordinates to describe the region around τ = 0
where we have rescaled the τ coordinate in such a way that the metric takes the form
Where, in this case
Denoting the field theory directions as x µ = (t, x, y, z), we allow the string to fluctuate in the transverse directions y and W , keeping z = 0 and V = 0 (and Z = 0 for KS) fixed. In the static gauge, the embedding functions of the string are
The induced metric is 
Changing the normalization
we find
In both cases the mass of the string mode is of the same order as the mass of the glueballs
The action for the fluctuations to quadratic order is
(5.123) Therefore, M is the mass of the internal excitation of a flux tube in the IR theory. For the WQCD model, the same quadratic action was derived in [42] , where one can also find the quadratic action for world-sheet fermions. The fluctuations of the flux tube between the quark-antiquark pair are also governed by the same quadratic Lagrangian.
We now consider an open flux tube of length L. This is described in the holographic dual by a string satisfying Neumann boundary conditions at the endpoints. In this particular case, a string extended along the x direction at the bottom of the geometry W = 0 is a solution to the classical action satisfying the boundary conditions. This excitation does not describe a
Wilson loop, since the endpoints of the flux do not connect to the boundary. However, for large inter-quark separation, it approximates well the dual string configuration. In order to describe a Wilson loop, we must modify this string such that it bends towards the boundary. Far from the edges, where the inter-quark string profile lies close to the bottom of the geometry, this can be described by a small perturbation of the open flux tube string induced by additional static sources for the massive mode at the edges of the string,
The equation of motion for the massive mode is, for a static configuration
This can be solved by using a Green's function, which for Neumann boundary conditions is
Where
The solution is
Far from the string edges, the quark-antiquark string is well described by the classical open flux tube configuration plus the massive mode perturbation χ, since outside the endpoints the solution satisfies the classical string equations. We can then use the massive mode profile to determine the radial position of the lowest point of the string, in this case at σ = L/2, which, in turn, via (2.17) determines the force between the quark and antiquark to be .
This reproduces (5.82) provided the strength of the source is tuned to the right value
The analysis we have just performed shows that the exponential corrections we have found in the quark-aniquark potential are due to non-vanishing excitations of an internal massive mode of the flux tube that connects those two sources. In holography, this mode corresponds to the fluctuations of the string along the holographic direction. For all holographic models in which confinement is associated with the closing of some cycle, as the two models we have considered, this excitation is massive and its mass is related to the glueball mass scale. Therefore, this type of exponential correction in the heavy quark potential is a generic expectation of the holographic description of confinement. The second example that we have studied is a set of confining holographic gauge theories.
For these theories, the analytic access to the long distance properties of the potential has allowed us to better understand the properties of the potential in terms of an effective theory of flux tubes. This description appears naturally in holography, where large Wilson loops are dual to long strings that stretch along a large distance at the bottom of the geometry and lead to the characteristic linear confining potential. Holographic models predict that the effective action of a flux tube in a confining theory is given by the four-dimensional Nambu-Goto action plus a set of additional internal massive modes, which correspond to fluctuations along the holographic direction. Using our Wilsonian approach, we have identified the contribution of those modes to the heavy quark potential, that appear as an exponentially decaying therm ∼ e −M L , where M is of the same order as the glueball masses. The information about the UV physics in this case is hidden in the factor multiplying the exponential correction.
The exponential term can be understood as originating from the profile of a massive mode induced by sources localized at the endpoints. The profile of the massive mode maps to the profile of the string along the holographic radial coordinate. This is a classical contribution (from the point of view of the effective action) to the quark-antiquark potential. 4 Note that while the exponential correction looks somewhat similar to the contributions from a rigidity term [46] [47] [48] (see [49, 50] for recent lattice calculations in 2 + 1 dimensions), those would be suppressed at strong 't Hooft coupling, and the coefficient of the exponential would decrease at long separations as ∼ 1/L 1/2 , unlike the contribution we have identified. Therefore, this new contribution cannot be explained in terms of an effective action of the flux tube with massless transverse modes alone, it involves massive modes that have not been yet observed but should be present in any confining gauge/gravity dual qualitatively similar to the known examples.
This opens the door to test if our understanding of confinement in gauge/gravity duality is qualitatively correct.
Consistently with this understanding, it has been now established by lattice calculations that the Nambu-Goto action is a very good effective description of a flux tube in 2 + 1 [51] [52] [53] and 3 + 1 dimensions [54] (see [55] [44, 45, [56] [57] [58] . However, lattice calculations of the spectrum of fluctuations of flux-tubes agree with that of a four-dimensional Nambu-Goto string even at distances of order of the string length σ s L 2 ∼ 1, except in some parity odd channels, where an additional mode has been observed [54] . While the success of the four-dimensional Nambu-Goto description even in this regime is still an open problem, 5 the existence of new modes beyond those of the fourdimensional Nambu-Goto string is expected from holography. However, the observed new mode does not correspond to the massive mode responsible for corrections to the potential, since this latter mode is parity even. It would be interesting to test whether other massive bosonic and fermionic modes of the holographic string are consistent with the additional excitations observed in the lattice.
The new mode we have identified may be directly observed by a detailed comparison of the quark-antiquark potential and the energy of a flux tube. In confining holographic models, a flux tube of length L has an energy which is the same as the quark-antiquark potential except without the classical contributions induced by sources at the endpoints. Comparing the two one may be able to isolate the exponential correction, and get rid of other possible contributions such as finite 4 Note that there can also be quantum corrections to the potential from integrating both massive and massless modes, the Luscher term being the most significant, see for instance [42] [43] [44] [45] . At very strong coupling they are suppressed by inverse powers of the 't Hooft coupling, this is the reason our classical string calculation does not capture them. At finite coupling the classical term is not necessarily dominant since it is exponentially suppressed at long distances 5 The success of the four-dimensional Nambu-Goto description even in this regime has been attributed to the approximate integrability of the effective action [59] [60] [61] [62] , explaining also the deviations in parity odd channels from the appearance of an internal axion-like mode. It has been conjectured that in the large-N limit the theory could become exactly integrable [61] , although lattice calculations seem to disfavor this possibility [63] .
size effects, which are also expected to be suppressed in the large-N limit [54] . Since this new massive mode is a generic expectation from holography, this analysis could provide an interesting check of gauge/gravity duality for confining theories. To further test holographic expectations, it would be interesting to develop further the effective action of a flux tube including internal massive modes, as well as to study the effect on meson Regge trajectories if a background profile of those modes is turned on. A comparison could be made with other holography-inspired models, such as a flux tubes with massive endpoints [64, 65] . We leave these questions for future work.
Looking ahead, we would like to stress that our current analysis is restricted to static heavy quark sources. It would be very interesting to develop a similar Wilsonian RG approach for
Wilson loops along arbitrary curves, which would allow us to address a whole new suit of physical processes, such as the acceleration and radiation of heavy quarks. It would also be interesting to include finite temperature and density effects in the holographic description. In this way, we could address the energy loss of partons in strongly coupled plasma focussing in the IR properties of the plasma. This analysis could provide new theory input to the already existing holographically inspired analyses of jet quenching data in heavy ion collisions [66] [67] [68] [69] [70] .
In connection with this and other phenomenological applications, and as final remark, we would like to mention that the Wilsonian approach we have pursued could be exploited in a semiholographic approach, where only IR physics are described using the gauge/gravity dual and the coefficients of the double trace deformations sensitive to UV physics is used to match with a given microscopic theory.
